A NOTE ON CCC FORCINGS 
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Abstract. The aim of this short note is to communicate a simple 
solution to the problem posed in [1] as Question 7.2.7: is it true that 
for every ecc cr-ideal / any /-positive Borel set contains modulo / 
an /-positive closed set? 



1. Introduction 

We work in a fixed Polish space X with a continuous, strictly positive 
Borel measure /x. We write Bor(X) for the family of Borel sets in X. 

A c7-ideal in X is a family / C Bor(A) which is closed under taking 
countable unions and subsets. An associated Boolean algebra Pj is 
the quotient algebra Bor(A)/J. We say that a cx-ideal / is ccc if any 
antichain in P/ is countable. 

The most common ccc a-ideals are: the family of Borel sets of mea- 
sure zero, denoted by and the family of Borel meager sets, denoted 
by M. 

We say that a Borel set B is /-positive li B ^ I. It is a well known 
fact that any A^-positive Borel set contains a A/'-positive closed set. On 
the other hand, for any Al-positive Borel set B there is a closed set C 
for which C\B & M./m other words B contains C modulo ^A. In (Tj 
the author asks if this can be generalized to all ccc cr-ideals. 

Question ([Ij, Question 7.2.7). Suppose that J is a cr-ideal such that 
P/ is ccc. Is it true that every positive Borel set contains a positive 
closed set modulo the ideal /? 



2. The solution 

We will answer the above question negatively by giving an example 
of a ccc cr-ideal / and a /-positive Borel set which does not contain 
modulo I any closed /-positive set. 

Take J = M. nj\f. It is clear that J is ccc, so we only need to prove 
the following proposition. 

Proposition. There exists an J-positive Borel set A which does not 
contain modulo J any J-positive closed set. 
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Proof. Let A be any Borel set such that A & J\f \Ai. Such a set can 
be obtained by decomposing X into two sets A & J\f and B & Ai. In 
particular A is J-positive. Take any closed set C such that C\A& J. 
Note that this implies that C G J\f. But also C E A4 because any set 
of measure zero must have empty interior. This shows that C E J. □ 
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